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1. (5%) Let P, denote the collection of all real polynomials of degree less than or
equal to 2. Define the linear transformation L:P, —» P, by L(p(x))
p(1)x? + p(—1) for any polynomial p(x) in P,. What is det(L)?

(A)—3

(B)—2
(©)0
(D)1

(B)2

2. (5%) Let R?*? denote the ¢ 2 matrices and P denote the

collection of all real pol llowing functions are linear

operators?

(E) 15, T,
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3. (5%) Let £ ={(1,1),(2,1)} be an ordered basis of R?. Suppose P is the
orthogonal projection onto span{(0,1)}. What is the matrix representati s
of P in 7

@y 1]

@[ i
©[; 1

>[5 4]

® 7 7]
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5. (5%) Which of the following number  can make the matrix B positive d
g 1 1
B = <1 I 1
1 1 ﬁ
(A) -1
. \

5 +5i
~1—4q
1+ 5i

©1
(D)2

(B)i

6. (5%) Determine

E) Does not exist
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7. (5%) Consider a regular transition matrix for a three-state Markov chain, with the

0.3
initial probability vector (0.3>,
0.4

06 01 01
0.1 09 0.2

0.3 0 07

Find the proportions of objects eventually.

0.3
(A) <O.3)
0.4
0.2
(B) <O.4)
0.4
0.2
(©) (0.5)
0.3

of the following vectors are linearly independent in the vector space

) [1,1,3]7,10,2,1]7,2,0,5]"
(B) [1,1,0]7,[0,1,1]7,[2,1,-1]"
(C) [4,1,-3]",[1,0,—-1]7,[1,2,1]T
®) [1,-1,2]",[1,1,717,2,0,-1]"

(B) [1,-1,2]",[1,0,7]7,[2,-3,-1]T
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9. (5%) Consider the system of linear equations:
x+2y+4z=8
xX+y+3z=-2

x—=3y—z=0
Which of the following is NOT the least square solution of ?
e \

is diagonalizable?

(B) [—4,-2,3]"
© [4,2,-1]
(D) [-2,-1,1]"

(E) [-2,-1,2]"
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11. (5%) Suppose that the characteristic polynomial of a matrix A is
p(A) =22 -1 —-2)2(1+3)3%
Which of the following statements about the matrix A is correct?

(A) The size of Ais 4 X 4

(B) A isinvertible

(C) det(A) = —128
(D) (21 — A)x = 0 has nontrivial solutions
(E) A has nullity 0

12. (5%) Let 4 be an n by n m
identical to others?

ollowing statement is NOT

(A) Ax=0has anontrivia
B)
(©)
D)
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13. (5%) Let vi, ..., va be vectors in a vector space V for » > 0. Which statement is
NOT correct?
(A) If the dimension of V is n, and vy, ..., vy span V, then vy, ... , vy are linearly
independent
(B) If the dimension of V is m, and m > n, then vy, ... , vy can
basis for V

(C) If the dimension of V is m, and m <n, then vy, .
(D) If both {v1, ... , va} and {1, ... , ttm}

(E) A vector v in Span(vy, ..., vn) can be writ
vi, ..., vpif and only if vy, ..., vy are linearly in

14. (5%) Which one is NO

(A) 1

(B) 2

Il

4 6 =2
[-1 -1 1 } Which value of a can make A defective?
0 0 a

No value of @ can make 4 defective
(B) -2
)2
D)o

(E)1
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16. (5%) Kim is at a train station, waiting to make a phone call. Two public telephone
booths, next to each other, are occupied by two callers, and 11 persons a iting
in a single line ahead of Kim to call. If the duration of each telepho
independent exponential random variable with A = 1/3, what is th
Kim’s waiting time? Kim’s waiting time is defined as the time inter
to the moment that a phone is available for Kim to make his call.

(A) 18

17.(5%) Let X and Y bei end dom points
E(max(X,1)).

(A) 2/3

(B) 27
(C) 99/4
(D) 99

(E) 108

m the interval (-1, 1). Find

(B) 172

(C)1/3

ick of length 1 is broken into two pieces at a random point. Find the
efficient and the covariance of these pieces.

(C) 1/12

(D) -1/12

(E) 0
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19. (5%) A traffic light can be in one of the three states: Green (G), Red (R), and Yellow
(Y). The light changes in a random fashion. At any one time, the light can
one state. The experiment consists of observing the state of the light.

Let a random variable X(*) be defined as follows: X(G) = —
X(Y) = m; assume that P(G) = P(Y) = 0.5 P(R), whatis P(X <

(A) 1/4
(B) 12
(C) 3/4
D)1

(E) 0

20. (5%) Let X1, X5, ..., Xp
random variables with fy,(

ently distributed exponential
1 for x = 0,0 otherwise. The

density function, fz (z), of the random
rs at z =7
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21.(5%) Yi,Y,, ... are independent and identically distributed random variables; the

moment generating function of each of them is M(t) = (-;— + get) =

3 _.,Y,. Find the probability mass function of X, py(x).

(&) px(0) =e ™2 x =012,
B) px(0) =e 2 x =012,
20N [2\%F (1)\20x
© @ =(3)E) G =01

® p=(F)E) 6 =0

(B) px () = (71 )pP - py20x =

22. (5%) A newly married ¢
one of each sex. If the pr
of a child being a girl is 3/4

(A) 4

ing children until they have
oy is 1/4 and the probability
uld this couple expect?

17
®

(
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23.(5%) The two random variables, X and Y, are independent and exponentially

distributed, each with mean 1/A. Let Z =;4—)_%;. Find F,(z), whi e
cumulative distribution function of Z.
2

2 0z 1 Z.tan"tz,z>0

(A) Fy(2) =2 =% 7=
? -0 1ta 0, otherwise
3z

= 7>
@)&@>=%H'z—°

0, otherwise

2 7>
@)&@)z%ﬂj-o

0, otherwise

0,z<0
(D) F;(z) = {Z,O <z<l1

1,z>1

0,z<0

2z

(B) Fy(2) ={=,0<z<1

1,z>1

24.(5%) We have some earth
summarized in the followin

urred in a region over years,

Magnitude <M 4<M 5<M 6<M

<5 <6

15 6 2

ous over time. Under these assumptions, the number of earthquake
s Poisson distribution. Estimate the probability of having earthquakes
with magnitude M > 5 in the next month.

A) 3.8%
)21.3%
(C) 48.7%
(D) 66.7%

(E) unable to evaluate
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25. (5%) Which of the following statements are correct?

(1) Statistical independence implies no correlation

(2) No correlation implies statistical independence

(3) Statistical independence and no correlation are equivalen

the explanatory variables

A M
B @)
© )
(D) (D&

(E) (HER)E))
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26. (5%) Hospital A is experimenting with an Al-assisted system for judging the status
(+ or -) of a certain disease. A pilot study is conducted to compare t ults
assessed by the Al system and a trained doctor. 50 patients are recruitéd,
results are reported in the following table:

Disease Status

Patient Al-assisted System | Trained Do

y if the assessment from the Al system is consistent
ained doctor. Which of the following statistical test can be used

(C) chi-squared test

signed-rank test

(E) F test
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27. (5%) Based on the playing history of Team A and Team B, Team A has a 60% chance
of winning basketball in one game. Assume that the outcomes of their games are
independent. Which of the following statements is correct?

(A) Team A has a better chance of winning in 2-out-of-3 gameplay ( =2 & B )
rather than in 3-out-of-5 gameplay ( Z 8% = %)

(B) Team A has a more than 70% chance of winning in 2-out-0f-3 gameplay

(C) For 2-out-of-3 gameplay, the chance of playing the third game is more than
40%

(D) Given that the third game takes place in 2-out-of-3 gameplay, Team B has a
less than 40% chance of winning the game

(E) None of the above

28. (5%) From the general knowledge, the populatiofl occurrence rate of asthma is 0.1
for children who visit hospitals. Aipediatrieian moved his clinic to a new place and
he found 9 childten with asthma among 50 appointments in his first day at the new
place. If the 50 appeintments are considered as Bernoulli random variables with 0
and 1 outeomes, the total number of asthma children, indicated as X, should follow
a Binomial distribution with probability 0.1 under the general condition. He then
makes the following guesses. Which one is a correct inference for the occurrence
rate at the'new place?

(A) If the occurrence rate holds the same as other places, the standard deviation of

eachy Bernoulli random, variable in this problem is \/ 0.1x(1-0.1) =0.3. The
standard deviation of X should be 50 x 0.3=15

(B).Since 9/50=0.18 is greater than 0.1, there must be an increase of the occurrence
rate

(C) If the occurrence rate is greater than 0.1, we should also see the proportion of
asthma children to be greater than 0.1 in the next day

(D) Since P(X=9)=0.033 is smaller than 0.05, we will decide this as an unusual
situation, and the evidence supports an increased occurrence rate. The threshold 0.05
can be applied when the number of appointments is 70 in a day

(E) Since P(X>9)=0.058 is greater than 0.05, we do not have to worry too much
about the situation, and it might be a random fluctuation from day to day. The
threshold 0.05 can be applied when the number of appointments is 70 in a day
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29. (5%) A histogram of a dataset X is plotted in Figure (i). The 1% quartile, median and
the 3™ quartile of the data are 10, 25 and 50. Which of the following stat s is
correct?

5

); Histogram of x

10 20

Freguency

0

1 T 1 T 1
-0 0 10 20 30 40

1 T 1T T 1
50 60 70 80 90 110 130

s a skewed distribution, we can model the data with a y2distribution

(E) Suppose we randomly draw 30 samples with replacement from this dataset and
e average to get X. The distribution of X is more likely to be the function f3(x)
igure (ii) rather than the function f1(x) or f2(x)
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30. (5%) Which of the following is NOT a reason for conducting the paired-sample T-
test?

(A) The sample size is too small
(B) The treatments can be compared with homogeneous subjects
(C) The variation of measurements is too large compared to t
the treatment
(D) The data collected are paired with positive corr S
(E) The subjects differ a lot in terms of thei

age, gender a nic groups
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zis the standard normal variable. The value of P for —z, equals T minus the
value of P for 4z,; for example, the P for -1.62 equals 1-.9474 = .0526.

ip .00 .01 02 .03 .04 .05 06 .07 08 .09
0015000 | 5040 | 5080 | 5120 | 5160 | 5199 | L5239 | 5279 | S319 | 5359
| 5398 | 5438 | 5478 | 5517 | 5557 | 53596 | 5636 | 5675 | 8744 | 5753
21 5793 | 5832 | 5871 | 5910 | 5948 | 5987 | 6026 | .6064 | 6103 | 6141
3016179 | 6217 | 6255 | 6293 | 6331 | 6368 | 6406 | 6443 | 64807 6517
A1 6554 | 6591 | 6628 | 6664 | 6700 | 6736 | 6772\ 6808 | .6844 | 6879
5] 69150 6950 | 6985 | 7019 | 7054 | (7088 |L.7123 | 2157 | 7190 | 7224
6 7257 | 7291 | 7324 ) 7357 | 738901\ T7422 | 7454 | F486 | 7517 | 7549
T 7580 ) 7611 | 7642 | 7673 | 7704 [L7734 | 7764 | 7794 |\ 7823 | 7852
.81 7881 | 7910 | 7939 | 7967 | 7995 | .8023,| 8051 | 8078 17.8106 | .8133
91 8159 | 8186 | 8212 | 8238 | .8264 | .8289 | \8315 | .8340 | .8365 | .8389
1.0 | 8413 | .8438 | 8461 | 8485 |, 8508 | .8531 | 8554 | .8577 | 8399 | .8621
1.1 ] .8643 | .8665 | .8686ai 87087 .8729 | 8749 | 8770 | .8790 | .8810 | .8830
1.2 | .8849 | .8869 | .8838 1 .8907 | ‘8925 | .8944 | 8962 | .8980 | .8997 | .9015
1.3 1 .9032 | .9049 | 9066 79082 | .0099 91154 9131 | 9147 | 9162 | 9177
1.4 1.9192 | 9207 | 9222 | 9236 .9251 119265 | 9279 | .9292 | 9306 | .9319
1.5 1 .9332 | 9345 | 9357 J0.9370 | 9382 | 9394 | 9406 | 9418 | .9429 | 9441
1.6 | 9452 4 0463 |1.9474 |.9484 | 9405, 1 9505 | .9515 | .9525 | 9535 | .9545
17 .9554 | .9564 ) 9573 | 9582 | 9591 | 9599 | 0608 | 9616 | .9625 | 9633
1.8 | 9641 | 9640 | 9656, | 9664 | 9671 | 9678 | 9686 | 9693 | 9699 | .9706
L94 9713 | 9719 | 9726 {19732 | 9738 | .9744 | 9750 | 9756 | .9761 | .9767
2071 9772 |\9778 | 9783 | 9788 | 9793 | 9798 | .9803 | 9808 | 9812 | 9817
2.1 1 9821 119826 | 9830 | 9834 | .9838 | 9842 | 9846 | 9850 | .9854 | 9857
221 9861 | 98641 9868 | 9871 | 9875 | 9878 | .0881 | .9884 | 9887 | .9890
2.3 | 9893 | (9896 | 19898 | 9901 | .9904 | .9906 | .9909 | 9911 | 9913 | 9916
24 1 9918 | 9920 [7.9922 | 9925 | 9927 | 9929 | 9931 | .9932 | 9934 | .9936
2.5 179938 | 9940 | 9941 | 9943 | .0945 | 9946 | .9948 | .9949 | 9951 | 9952
2.6 1199530 9955 | 9956 | 9957 | 9959 | 9960 | 9961 | 9962 | 9963 | .9964
2.7 199657 9966 | .9967 | .9968 | 9969 | .9970 | 9971 | 9972 | 9973 | 9974
2.8 1.9974 | 9975 | 9976 | 9977 | 9977 | 9978 | 9979 | .9979 | 9980 | .998]
29| 9981 | .9982 | 9982 | 9983 | .9984 | 9984 | 9985 | 9985 | .9986 | .9986
3.0 | 9987 | .9987 | 9987 | 9988 | 9988 | .9989 | 9989 | 9989 | 9990 | 9990
311 .9990 | 9991 | 9991 | 9991 | .9992 | .9992 | 9992 | .9992 | .9993 | .9993
3.21.9993 | 9993 | 9994 | 9994 | 9994 | .9994 | 9994 | .9995 | .9995 | .9995
3.3 ] 9995 | .9995 | 9995 | 9996 | .9996 | .9996 | 9996 | .9996 | 9996 | 9997
341 .9997 | .9997 | (9997 | 9997 | .9997 | .9997 | .9997 | 9997 | .9997 | .9998
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